The minimal slope conjecture, which was proposed by K.Kedlaya, asserts that two irreducible overconvergent F -isocrystals on a smooth variety are isomorphic to each other if both minimal slope constitutions of slope filtrations are isomorphic to each other. We affirmatively solve the minimal slope conjecture for overconvergent F -isocrystals on curves and for overconvergent Q p -F -isocrystals on smooth varieties over finite fields.
The minimal slope conjecture
In this paper we study the minimal slope conjecture of overconvergent F -isocrystals which was proposed by K.Kedlaya in [31] . At first let us explain the conjecture and our main results.
1.1. Slope filtrations. Let us fix the notation as follows:
• p : a prime number; • k : a perfect field of characteristic p; • R : a complete discrete valuation field of mixed characteristic with residue field k = R/m; • K : the field of fractions of R; • a → |a| : a multiplicative valuation of K;
• σ : K → K : a q-Frobenius on K for a positive power q of p, that is, a p-adic continuous homomorphism of fields such that σ(a) ≡ a q (mod m) for any a ∈ R.
Let X be a scheme separated locally of finite type over Spec k. Let M † be an overconvergent Fisocrystal on X/K, and denote the convergent F -isocrystal on X/K associated to M † by M. We say M admits a slope filtration if there exists an increasing filtration 0 = M 0 M 1 · · · M r−1 M r = M of M as convergent F -isocrystals on X/K such that (i) M i /M i−1 is nonzero and isoclinic of slope s i and (ii) s 1 < s 2 < · · · < s r .
We call s 1 (resp. s r ) the minimal slope (resp. the maximal slope) of M. If the Newton polygons of the Frobenius structure of a convergent F -isocrystal M is constant on a smooth scheme X, M admits a slope filtration ( [31, Corollary 4.2] , [43, Corollary 2.6] ). It is known that, for any convergent F -isocrystal M on a smooth connected scheme X, there exists an open dense subscheme U of X such that the Newton polygons of M are constant by Grothendieck's specialization theorem (see [31, Theorem 3.1.2] and [43, Proposition 2.2] ). Hence M admits a slope filtration as convergent F -isocrystals after a certain shrinking of X.
filtrations of M and N as convergent F -isocrystals. Then there exists a unique isomorphism g † : M † → N † of overconvergent F -isocrystals such that the induced diagram
is commutative in the category of convergent F -isocrystals on X/K. If X is proper, then M 1 = M = M † by the irreducibility. Hence the conjecture is trivially true. When N † is of rank 1, E.Ambrosi and M.D'Adezzio proved Conjecture 1.1 using monodromy groups in [5, Theorem 1.1.1]. They applied the result to a generalized Lang-Néron's theorem on a finiteness of torsion points of Abelian varieties [5, Theorem 1.2.1] .
In this paper we will study the dual form of Kedlaya's minimal slope conjecture: with the sequence of slopes s 0 > s 1 > · · · > s r−1 . Suppose that there is an isomorphism h : N /N 1 → M/M 1 between the maximal slope quotients as convergent F -isocrystals. Then there exists a unique isomorphism g † : N † → M † of overconvergent F -isocrystals such that the induced diagram
is commutative in the category of convergent F -isocrystals on X/K.
1.3.
Results and strategies. In this paper we establish affirmative results for the dual form of the minimal slope conjecture. Our method is different from Ambrosi and D'Adezzio's monodromy group method in [5] . The key ingredients are the notion of PBQ (pure of bounded quotient) for overconvergent F -isocrystals in local and global theories and the opposite filtrations of ϕ-modules in local theories. The notion of PBQ was introduced by Chiarellotto and the author to give a necessary condition of Dwork's conjecture on the comparison between Frobenius slopes and logarithmic growth for ϕ-∇-modules in [9] (see Remark 3.25) . In this paper we globalize the notion of PBQ which requires the space of bounded solutions on the generic disc of the associated Frobenius-differential module at the generic point is pure of Frobenius slope. Then the irreducibility implies PBQ and any nonzero quotient of PBQ overconvergent F -isocrystals is again PBQ with the same maximal slope. In the level of global sections on the affine curve C, the global sections of M † is naturally included in those of the maximal slope quotient M/M 1 by the irreducibility, and so is also the global sections of N † via the given isomorphism h.
The notion of opposite filtrations of ϕ-modules were introduced by J.A.De Jong to study the homomorphisms of p-divisible groups on local rings of equal characteristic p in [14] . Applying the local theory, we prove the rank of the maximal slope quotient of any overconvergent F -isocrystal inside M/M 1 is less than or equal to the rank of M/M 1 . We compare, in the level of global sections, given irreducible overconvergent F -isocrystals M † and N † in the maximal slope quotient M/M 1 and we obtain M † and N † coincides with each other in M/M 1 by the properties of PBQ overconvergent F -isocrystals and the upper bound of ranks of maximal slope quotients.
Let Q p be an algebraic closure of the field Q p of p-adic numbers. In the case of general dimensions we deal with the case where k is a finite field and study the minimal slope problem for overconvergent Q p -F -isocrystals which T.Abe introduced to established the celebrated work on p-adic Langlands correspondence and the companion theorem in [1] [2] . The overconvergent Q p -F -isocrystals are analogous to smooth Q ℓ -sheaves in ℓ-adic theory. Our result for the general dimensions is as follows. Theorem 1.4. (Theorem 6.20) Let X be a smooth connected scheme separated of finite type over the spectrum Spec k of a finite field k, and M † and N † irreducible overconvergent Q p -F -isocrystals on X which admit slope filtrations as convergent Q p -F -isocrystals. If h : N /N 1 → M/M 1 is an isomorphism between the maximal slope quotients, then there exists an isomorphism g † : N † → M † of overconvergent Q p -F -isocrystals.
Abe and H.Esnault proved Lefschetz theorem for Q p -F -isocrystals which asserts an existence of a smooth curve C α passing at any given closed point α in an open dense subscheme of X such that the restriction of the given irreducible Q p -F -isocrystal on X is again irreducible on C α in [4] . They also applied Lefschetz theorem to the weight theory after Abe-D.Caro's work in [3] . Then the coincidence of characteristic polynomials of Frobenius of M † and N † holds at each closed point α by our study of the minimal slope conjecture on curves. Then applyingČebatarev's density theorem [1] we obtain the isomorphism g † : N † → M † of overconvergent Q p -F -isocrystals. However we can not show the compatibility between g † and the given morphism h at this moment. Because the author does not know whether the coincidence
holds or not in general at this moment. Here End Q p -F -Isoc (M † ) (resp. End Q p -F -Isoc (M/M 1 )) is a Q pspace of endomorphisms of M † (resp. M/M 1 ) as an overconvergent (resp. convergent) Q p -F -isocrystal.
1.4. Further problems. The minimal slope conjecture seems to be not an ℓ-adic but a p-adic own problem. However, the author also expects to find some consequence in ℓ-adic theory with a view point of the companion theorem. In the theory of p-adic local systems on a varieties of characteristic p one has a naturally wider category that includes the category of local systems arising from geometries. The minimal slope constitution expands in its whole overconvergent F -isocrystal if it is irreducible. So the author asks a question that how one can directly recover the whole overconvergent F -isocrystal, e.g., its rank, from the minimal slope constitution of the slope filtrations.
Let X be a smooth variety over Spec k, and L a unit-root convergent F -isocrystal on X/K. Is L a minimal slope constitution of slope filtration of an irreducible overconvergent F -isocrystal? What is the essential image of the natural functor   overconvergent F -isocrystals on X/K admitting slope filtration with the minimal slope 0   → unit-root convergent F -isocrystals on X/K taking the minimal slope constitution of the slope filtrations? A unit-root convergent F -isocrystal belonging to the essential image is called "geometric". For example, the overconvergent F -isocrystal KL ψ on G m Fp /Q p (ζ p ) (ζ p : p-th root of unity) of rank 2 corresponding to the variation of Kloosterman sums
includes a rank one unit-root convergent F -isocrystal L ψ on G m Fp /Q p (ζ p ) as a minimal slope constitution, where ψ is a nontrivial additive character of F p [17] [41, 6.2] [22] . One can regard L ψ as a unit-root convergent F -isocrystal on A 1 Fp , however the Frobenius acts by 1 at a = 0 and it is not the minimal slope constitution of irreducible objects by the weight reason. Is there a list of rank one geometric unit-root converent F -isocrystals L on G m Fp , including positive tensor powers L ⊗n ψ of L ψ arising from the first constitution of the symmetric powers of KL ψ ? We know such a geometric unit-root convergent F -isocrystal satisfies Dwork's conjecture on the meromorphy of unit-root L-functions [16] which was affirmatively solved by D.Wan [45] [46] [47] . In one sense our problem is a converse problem of Dwork's conjecture. Another direction is to characterize geometric unit-root convergent F -isocrystals by asymptotic behaviors of infinite towers of ramifications along the boundaries. The work of J.Kramer-Miller seems to be in this direction [33] [34] [35] .
In conclusion the phenomena of slopes and their jumps are mysterious and interesting, which we should study. 1.5. Structure of this paper. In the section 2 we fix the notation of the local settings and recall the opposite filtration of ϕ-modules. In section 3 we introduce and study the local and global properties of the PBQ filtrations of overconvegent F -isocrystals on a curve. In section 4 we prove the local version of the minimal slope conjecture. In section 5 we prove the minimal slope conjecture in the case of curves. In section 6 we prove the minimal slope conjecture for overconvergent Q p -F -isocrystals on a smooth variety over a finite field. We put two appendixes in order to understand overconvergent F -isocrystals well. We study Frobenius endomorphisms of (partially) †-spaces, and the trace map of F -isocrystals with respect to finite base field changes.
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Opposite slope filtrations
In this section we review the opposite filtration of ϕ-modules which was introduced by de Jong in [14] . The opposite filtration is one of the key ingredients to prove the minimal slope conjecture.
2.1. ϕ-∇-modules. Let R be a complete discrete valuation ring with the fraction field K of characteristic 0 and the residue field k which is an arbitrary field of characteristic p > 0. We suppose that there exists a q-Frobenius on K for a positive power q of p and denote the σ-fixed subfield by K σ (see the detail of Frobenius endomorphisms in Appendix A). Let us fix notation as follows:
• E : the Amice ring over K, that is, E = n∈Z a n t n a n ∈ K, sup n |a n | < ∞, a n → 0 as n → −∞ ;
• R : the Robba ring over K, that is,
 n∈Z a n t n a n ∈ K, 0 < ∃η < 1 such that |a n |η n → 0 as n → −∞, 0 < ∀ξ < 1 such that |a n |ξ n → 0 as n → ∞    ;
• E † : the bounded Robba ring over K, that is,
Let B be one of E, R, E † and K[[t]] 0 . Then B is furnished with • | a n t n | = sup n |a n |, which is called the Gauss norm for n a n t n ∈ B;
• d : B → Bdt, which is a continuous K-derivation d( n a n t n ) = n na n t n−1 dt;
• ϕ : B → B, which is a q-Frobenius such that ϕ| K = σ and ϕ(t) ≡ t q (mod m). If we treat E, E † and K[[t]] 0 (resp. E and E † , resp. R and E † ) in the same time, then the Frobenius on E and E † (resp. E, resp. R) is an extension of that of K[[t]] 0 (resp. E † , resp. E † ). E (resp. E † ) is a discrete valuation field with residue field k((t)) under the Gauss norm, and K[[t]] 0 is a principal ideal domain. We denote the integer rings of E (resp. E † ) by O E (resp. O E † ). Then O E (resp. O E † ) is a complete (resp. Henselian) discrete valuation ring and E † is algebraically closed in E.
ϕ M is called Frobenius and ∇ M is called a connection. We denote the category of ϕ-∇-modules over B by ΦM ∇ B .
The category ΦM ∇ B is a K σ -linear Abelian category which is furnished with tensor products ⊗ B and duals M → M ∨ (see [39, Section 3] 
is fully faithful by [29, Theorem 5.1]. We use the notation M (resp. M † ) for a ϕ-∇-module over E (resp. E † ), and for a ϕ-∇-module N † over E † the image by the above forgetful functor is denoted by N . Note that the category of ϕ-modules over E † (resp. E) is a K σ -linear Abelian category, but, except unit-root objects below, it may depends on the choice of Frobenius and the natural functor from the category over E † to that over E is not fully faithful (see a counter example in [39, Remark 2.2.7]). 
as ϕ-modules over E, namely, M i /M i+1 has a unique Frobenius slope s i with s 0 > s 1 > · · · > s r−1 . We call s 0 the maximal slope of M , and M/M 1 the maximal slope quotient of M .
(2) If M is a ϕ-∇-module over E, then the slope filtration as ϕ-modules is a filtration as ϕ-∇-modules over E.
We use the notation above for the slope filtrations of ϕ-∇-modules over E.
Generalized series.
In this subsection we assume that the residue field k of K is algebraically closed for simplicity, and σ is a q-Frobenius on K for a positive power q of p such that the natural map
is an isomorphism of fields, where W (k) is the Witt-vectors ring with coefficients in k. We also fix a q-Frobenius ϕ on E and E † defined by ϕ n∈Z a n t n = n∈Z σ(a n )t qn .
We introduce Hahn-Mal'cev-Neumann's generalized power series rings E, E † and give their fundamental properties. These rings were studied in [ • E = n∈Q a n t n a n ∈ K, sup n |a n | < ∞, |a n | → 0 (as n → −∞), the support set {n ∈ Q | |a n | ≥ δ} is well-ordered for any δ ∈ |K × |.
• E † = n∈Q a n t n ∈ E |a n |η n → 0 (as n → −∞) for some 0 < η < 1. ,
• k((t Q )) = n∈Q a n t n a n ∈ k, the support set {n ∈ Q | a n = 0} is well-ordered.
Here the sum and the product in E (resp. E † , resp. k((t Q ))) are defined by n a n t n + n b n t n = n (a n + b n )t n n a n t n × n b n t n = n l+m=n a l b m t n which are well-defined by the following lemmas since K is a complete discrete valuation field. Indeed, the boundedness of elements of E and Lemma 2.5 (1) (resp. (2)) below implies the well-definedness of products (resp. the existence of inverses for nonzero elements). The case of k((t Q )) is similar and it is algebraically closed by [24, Proposition 1] . E † is a K-subalgebra (resp. a subfield) of E by Lemma 2.6 (3), (4) (resp. (5) and Lemma 2.5 (3)). (1) For any n ∈ Q, the set {(i, j) ∈ I × J | i + j = n} is finite.
(2) The sets I ∪ J and I + J = {i + j | i ∈ I, j ∈ J} are well-ordered.
(3) Suppose I ⊂ Q >0 . If mI denotes the sum I +· · ·+I of m copies of I, then ∪ m≥1 nI is well-ordered.
Lemma 2.6. For an element a = n a n t n ∈ E, let us define a map N a : Z → Q ∪ {∞} by N a (l) = min{n ∈ Q | ord π (a n ) ≤ l} ∪ {∞}.
Here π is a uniformizer of K, ord π is an additive valuation of K normalized by ord π (π) = 1, Q ∪ {∞} is furnished with the standard order < such that n < ∞ for all n ∈ Q, and n + ∞ = ∞ + n = ∞ for any n ∈ Q ∪ {∞}.
) holds for any l ∈ Z. Note that it is sufficient to take only finite numbers of (i, j) ∈ Z × Z to compute the infimum above since the coefficients of a and b are bounded and the valuation of K is discrete. (4) For an element a ∈ E, the following are equivalent.
(i) a ∈ E † .
(ii) There exist c, d ∈ Q with d > 0 such that N a (l) ≥ c − dl for any l ∈ Z.
(iii) N a (l)/l is lower bounded on l > 0. (5) Suppose a = n a n t n ∈ E † such that |a n | ≤ 1 for all n ∈ Q and |a n | < 1 for all n < 0. Then there exists d ∈ Q >0 such that N a (l) ≥ −dl for all l ∈ Z. Moreover, N a m (l) ≥ −dl for any l.
Proof. (4) Let a = n a n t n ∈ E. Suppose a ∈ E † . Then there exist C, D ∈ Q with D > 0 such that ord π (a n ) ≥ C − Dn for any n. Then N a (l) ≥ C/D − l/D for any l. The converse also holds. Hence we
(1) E is a complete discrete valuation field under the valuation n a n t n = sup n |a n | with the residue field k((t Q )). (2) E † is a discrete valuation field such that the completion under the valuation in (1) is E and the integer ring O E † is Henselian.
The following is a commutative diagram of extensions of discrete valuation fields with the same valuation group
The q-Frobenius endomorphisms act compatibly in the diagram above. If (−) ϕ denotes the ϕ-fixed subset of (−), then
) has a simple root α ∈ k((x Q )). We may assume that α = 0. Since the residue field O E † is the algebraically closed field k((x Q )), we may also assume that f ′ (α) = 1. Let us take a unique element α in the integer ring O E of E such that f (α) = 0 and α (mod mO E ) = α = 0. Indeed, such an α exists because the integer ring O E is complete. Let us fix constants c, d ∈ Q with c ≤ 0, d > 0 such that N ai (l) ≥ c − dl for any l ∈ Z and all i by Lemma 2.5, where a 0 = 1 is the coefficient of x n . Our claim is the inequality
for any l ∈ Z by induction on l. If l ≤ 0, then N α (l) = ∞. Suppose the equality holds for l ≤ h. Then
Define α h+1 by α h + π h+1 β removing the terms whose coefficients are 0 modulo π h+2 . Then α h+1 satisfies N α h+1 (l) ≥ −c+(2c−d)l for any l ≤ h+1 and N α h+1 (h+1) = N α h+1 (h+2) = N α h+1 (h+3) · · · . Therefore, α belongs to E † and O E † is Henselian.
(3) We prove the injectivity. For b 1 , b 2 , · · · , b r ∈ E, suppose a 1 b 1 + · · · + a r b r = 0 in E for a 1 , · · · , a r ∈ E † . We may assume that the union of the support sets of a 1 , · · · , a r has a nontrivial intersection with Z. Take subseries a ′ i = n∈Z a i,n t n of a i = n∈Q a i,n t n . Then a ′ i ∈ E † for any i and a ′ 1 b 1 + · · · + a ′ r b r = 0. Hence b 1 , b 2 , · · · , b r are linearly independent over E † if and only if they are linearly independent over E † .
(4) By the universal property of the Witt vectors ring, there exists a canonical isomorphism E = K σ ⊗ W (Fq) W (k((t Q ))) with respect to the q-Frobenius ϕ = id Kσ ⊗ Frob s where Frob is the p-Frobenius of the Witt-vectors ring and q = p s . The rest easily follow from it. ✷ Remark 2.8. The field E (resp. E † ) plays a similar role with Γ 2 (resp. Γ 2,c ) in [14, Section 4] . E (resp. E † ) is "larger" than Γ 2 (resp. Γ 2,c ).
The following lemma is a generalization of [39, Proposition 2.2.2] which asserts the similar claim for Frobenius equations over E † . Proposition 2.9. Let a 1 , · · · , a s be elements in O E † . Suppose y = n y n t n ∈ E satisfeis an Frobenius equation ϕ s (y) + a 1 ϕ s−1 (y) + · · · + a s y = 0.
Then y belongs to E † .
Proof. We may assume that |y| = 1. Replacing y by t m y for a sufficient large m ≥ 0, we may assume that |y n | < 1 for any n < 0 and that |a i,n | < 1 for any n < 0 where a i = n a i,n t n . Then there exists d ∈ Q with d > 0 such that N ai (l) ≥ −dl for any l ∈ Z, where d does not depend on i. Let us estimate N aiϕ s−i (y) (l)/l on l ∈ Z when a i = 0. If l is a sufficiently large positive integer, then 
Proof.
(1) Since the residue field k((t Q )) of E is algebraically closed by [24, Proposition 1], it contains an algebraic closure of the residue field k((t)) of E. Since E is p-adically complete, the assertion holds by the classification of F -spaces of Dieudonné-Manin.
(2) Take a cyclic vector e of the ϕ-module N † [39, Lemma 3.1.4] and let A be a representation matrix of the Frobenius ϕ N † with respect to the basis e, ϕ N † (e), ϕ 2 N † (e), · · · , ϕ s−1 N † (e), that is, ϕ N † e, ϕ N † (e), ϕ 2 N † (e), · · · , ϕ n−1 N † (e) = (e, ϕ N † (e), ϕ 2 N † (e), · · · , ϕ n−1 N † (e))A
Hence z i,1 satisfies the Frobenius equation
for any i. Since the unit-root condition implies a 1 , · · · , a s ∈ O E † and |a s | = 1, we have z i,s is included in E † by Proposition 2.9 and so that Y ∈ GL n ( E † ). Therefore, N † is a trivial ϕ-module over E † . ✷ Proposition 2.11. (cf. [14, Proposition 5.5] 
Then there is a filtration
Proof. Since the residue field k((t Q )) of the complete discrete valuation field E is algebraically closed, we have a decomposition .7] (i)) Let N † be a nonzero ϕ-module over E † , λ 1 the maximal slope of N , and N = N 1 ⊕ N ′ where N 1 is the ϕ-submodule of N exactly of slope λ 1 , and N ′ is the ϕ-submodule of N whose slopes are strictly less than λ 1 . If η :
Proof. It is sufficient to prove Ker(η) = 0. Since K ′ ⊗ K Ker(η) = Ker(id K ′ ⊗ η) for a finite extension K ′ of K with an extension of the q-Frobenius σ, we may assume |q| λ ∈ |K| by Lemma A.1 (3) in Appendix A. Hence we may assume that the maximal slope λ of N is 0. Suppose m ∈ N \ {0} satisfies ϕ N (m) = m. Such an m exists by Proposition 2.10 (1) since N † = 0 and λ = 0. Then Lemma 2.9 implies m ∈ N † . Indeed, take a cyclic vector e of the dual ( N † ) ∨ of N † and B ∈ GL s ( E † ) is the representation matrix of Frobenius ϕ ( N † ) ∨ with respect to the basis e, ϕ ( N † ) ∨ (e), · · · , ϕ s−1 ( N † ) ∨ (e). Then all entries of B belongs to O E † since all slopes of the dual N ∨ of N is ≥ 0. If we use the dual basis of e, ϕ ( N † ) ∨ (e), · · · , ϕ s−1 ( N † ) ∨ (e) as a basis of N † , then the representation matrix of ϕ N † is t B −1 where t B −1 means the transposition of the matrix B −1 . Then, by the similar way of the proof of Proposition 2.10 (2), one can prove m belongs to N † by Lemma 2.9. Since all slopes of N ′ is strictly less than 0, we have η(m) = 0. ✷ Theorem 2.13. (cf. [14, Corollary 5.7] 
Proof. Since there exists a nonzero morphism E ⊗ E † N † 1 → E of ϕ-modules over E, the slope of N † 1 should be 0. Then N † 1 has a basis e 1 , · · · , e n1 over E † such that ϕ N † (e i ) = e i for 1 ≤ i ≤ n 1 by Proposition 2.10 (2). Then
for any i by the commutativity of Frobenius and Lemma 2.7 (2) . Since η is injective, the equality dim E † N † 1 = 1 holds. ✷ Now we assume the residue field k of K is a perfect field of characteristic p and σ is a q-Frobenius on K without any extra condition. Proof. Since the maximal slope and its dimension are stable under the scalar extension, we may assume that k is algebraically closed and the natural map K σ ⊗ W (Fq) W (k) → K is an isomorphism by Lemma A.1 (2) in Appendix A. Since the category ΦM ∇ E † is independent of the choice of q-Frobenius ϕ with respect to σ [41, Theorem 3.4.10], we may assume that ϕ(t) = t q . We may also assume M is unit-root. Indeed, if s is the slope of M , then one can find a finite extension K ′ of K such that the q-Frobenius σ extends on L and there exists an
Therefore, the assertion follows from Theorem 2.13 since M is isomorphic to E ⊗dimE M as ϕ-modules by Proposition 2.10 (1) and dim E N/N 1 = dim E † N † 1 by Proposition 2.11. ✷
PBQ overconvergent F -isocrystals
We introduce the notion of the PBQ filtration for overconvergent F -isocrystals on a smooth curve. The notion has been already defined for local objects, ϕ-∇-modules, by B.Chiarellotto and the author in [9] in order to give a necessary condition of ϕ-∇-modules over E which satisfies Dwork's conjecture of logarithmic growth. We will globalize the notion of PBQ modules in this section. Suppose the residue field k of K is perfect. 
Then A † C and A C are independent of the choice of the lift C of C [44, Proposition 2.4.4 (i)] up to Risomorphisms, and are Noetherian integral domains by [20, Theorem] . Since C → P 1 R is formally etale, there exist a q-Frobenius ϕ : A C,K → A C,K such that ϕ| K = σ and A † C,K is stable under ϕ (see Lemma A.2), and a continuous derivation d dx on A † C,K and A C,K . We define a p-adic function field E η by E η = the p-adic completion of the localization (A C ) m with tensoring ⊗K.
Here η means the generic point of C. E η is an extension of complete valuation fields over K having the same valuation group with K, and the Frobenius ϕ and the derivation d dx extend uniquely on E η . For a closed point α ∈ C, let us denote the function field of α by k α and the canonical closed immersion by i α,C : α → C, a lift of coordinate over Spf R at α by x α ∈ O C , and K α the finite unramified extension of K with the integer ring R α and the residue field k α . Then we have two natural commutative diagrams
] 0 are introduced in the section 2. Moreover, the q-Frobenius ϕ and the derivation on A C,K (resp. A † C,K ) extend uniquely on all items in the diagrams above. We also study partially weakly complete finitely generated (w.c.f.g.) algebras which we will use in the proof of the main theorem in section 5. See the detail in Appendix A. 3 
Lemma 3.1. With the notation as above, let α be a closed point in V \ C. Consider the natural com-
Proof. Shrinking C ⊂ V , we may assume that C = V \ {α} and that there exists an element of t α ∈ A V such that t α (mod m) generates the maximal ideal of α in A V by Tate's acyclic theorem and the fact that ]V [ C is quasi-separated and quasi-compact. In this case
The faithful flatness holds because the m-adic topological ring
We may assume that α is k-rational by gluing of sections of rigid analytic spaces since
for any base change by a finite unramified extension L of K with the residual extension l of k and C l = C × Spec k Spec l, V l = V × Spec k Spec l. Then we have only to prove the equality
Indeed, the equality above implies
, the minus part h (−) = n<0 c n x n α belongs to A C,K (resp. A † C,V,K ). In order to verify the desired equality it is sufficient to prove
Here v α is a valuation of the function field k(C) of C at α. (4) The surjectivities of both morphisms hold by the argument of minus-parts of the series in E α (resp. E † α ) as in the proof of (3). Since
is injective in order to prove the desired injectivity of both morphisms. Then we have only to prove that
It follows from the fact that all items are p-adically complete and the natural morphism
(1) Since all the items are p-adically complete, it is sufficient to prove
Here k(C) is the field of functions of C. It holds because A C /mA C is a normal integral domain.
(2) It follows from (1) and Lemma 3.1 (3). ✷
3.2.
Frobenius slope filtration. Let M † be an overconvergent F -isocrystal on C/K, and put
The similar hold for the A C,K -module M and the E η -space M η . There are various natural isomorphisms [8, 0.4] ). Let B τ be the complete discrete valuation ring which is isomorphic to B, but the coordinate x * is replaced by t * in B τ for * = η or α, where x * = x for * = η. Then B τ is also an extension of K as a complete discrete valuation field with the same valuation groups. We introduce two B τ -algebras B τ [[X − t * ]] 0 and A B τ (t * , 1), called the ring of bounded functions on the unit open generic disc and a ring of analytic functions on the unit open generic disc respectively as follows:
.
For an element f ∈ B, we put
If the matrix representation of the connection ∇ M of M of arbitrary order is given by
for any nonnegative integer n, where C 0 is a unit matrix, then the connection of M τ is given by
Hence the solution matrix of M τ , which is called the generic solution matrix of M at the generic point t * , is
Proposition 3.6. The notion of solvability (resp. boundedness) of ∇-modules over B does not depends on the choice of basis e 1 , · · · , e s of M and the choice of coordinate x * .
Proof. The independence of the choice of basis follows from the fact that the map f → f τ preserves units. The independence of coordinates follows from the fact that the formal lift A C of A C is independent of the choices up to continuous isomorphisms. Hence, for another choice of coordinate x ′ * , one has a continuous isomorphism B x ′ *
The category of solvable (resp. bounded) ∇-module over B is Abelian, and it is closed under tensor products and duals.
Proof. One can easily see the existence of duals follows from the solvable ∇-module over B is bounded. The boundedness follows from [8, Lemma 1.7] . ✷ Because one can choose the coordinate x α at α as a coordinate of E η , Proposition 3.6 implies the proposition below.
3.4. Bounded ϕ-∇ modules. In this subsection we study properties of bounded ϕ-∇-modules over B = E η or E α . At first we recall a well-known fact (see [8, Theorem 6.6] for example). (1) M is solvable.
The following theorem is a characterization of bounded ϕ-∇-modules. Chiarellotto and the author proved it in the local case, i.e., B = E α in [9, Theorem 4.1]. Here we prove the assertion in the case where B = E η by using the local result.
Let us define the p-adic completion E perf η of the perfection of the residue field of E η by
One can regard E perf η as a subfield of E α in Section 2 by the natural embedding of direct systems
Lemma 3.11. With the notation as above,
Proof. Fix an algebraic closure k(C) alg of k(C). Denote the perfection of (−) by (−) perf , v α the valuation of k(C) alg at α, and k(C) α the v α -adic completion of k(C). Since all the items are p-adically complete discrete valuation fields with the same valuation group, the assertion follows from the fact
where the intersection is taken in (k(C) α ) perf . Indeed, let D : k(C) → k(C) be the derivation induced by the standard derivation of k(P 1 k ) and the finite separable morphism C → P 1 k . Then the p-power subfield 
because all the slopes of A i 's are different. Here E denotes the unit matrix of certain size. On the other hand we know
Maximally bounded quotients. The following theorem was studied using p-adic functional analysis in [10, §4.3] . In this paper we use the assertion only in the case with Frobenius structure so that we give a simple proof in the case of ϕ-∇-modules here. 
Proof. Let I be a set of ∇-submodules over B of M such that, for any N ∈ I, M/N is bounded. Our claim in the first part is (i) ∩ N ∈I N ∈ I and (ii)
Hence the finite dimensionality of M implies the claim (i). In the case where M is an ϕ-∇-module over B the claim (ii) follows from Propositions 3.3 and 3.9. In general case it was proved in [10, Proposition
The following theorem is a bounded version of [8, Proposition 1.10] which implies the stability of logarithmic growth filtrations by scalar extensions.
. Consider a linear sum c 1 f 1 + · · · + clf l for some c 1 , · · · , c r ∈ E τ α . We will show that the linear sum does not belong to Sol
Then
for some g 1 , · · · , g m ∈ Sol(M τ η ). By our hypothesis either g i is not contained in Sol 0 (M τ η ) or g i = 0 for all i. Since V is a finite dimensional topological vector space over the completely topological field E τ η , the topology of V induced by the norm of E τ α coincides with the product topology induced by the isomorphism
This holds only in the case where g i = 0 for all i. Hence we complete the proof. ✷ Corollary 3.15. With the notation as in Theorem 3.14, there is a natural isomorphism
3.6. Generic PBQ filtrations. Proof. On the generic disc the unit-root object is trivial as differential modules, that is, there exists Now we prove the uniqueness. Let P 1 and P ′ 1 be first steps of two filtrations satisfying the conditions (i) and (ii). ( (1) [9,
Then then there exists a unique filtration 1) is analytic on the open unit disk |x| < 1, and define a K-space of bounded solutions by Théorème 2] . Moreover, Sol(M 0 ) is an F -space over K whose Frobenius is defined by 
. The opposite inclusion follows from [8, Theorem 6.17 (ii)]. In particular, 
In Definition 3.26 the definition of PBQ is independent of the choice of affine open subschemes U . We will prove the following existence theorem which is a key role to study the minimal slope conjecture. (1) If M † 1 and M † 2 are PBQ overconvergent F -isocrystals on C/K of a same maximal slope, then so is the direct sum M † 1 ⊕ M † 2 .
(2) Let θ † : M † → N † be a surjection of overconvergent F -isocrystals on C/K. If M † is PBQ and N † = 0, then N † is also PBQ. Moreover, the maximal slope of N η is equal to that of M η .
Proof. The assertions follow from Lemma 3.17. ✷ Lemma 3.30. Let f : C ′ → C be a finite etale morphism of smooth connected curves over Spec k. Let M † (resp. N † ) be an overconvergent F -isocrystal on C/K (resp. C ′ /K), and denotes the direct image . Suppose that C is affine with a smooth lift C = Spec A C ⊂ C such that A † C admits a q-Frobenius ϕ which is compatible with the q-Frobenius σ on K. Let L η be a unit-root ϕ-∇-module over E η satisfying the conditions as follows:
Proof. Let G k(C) be the absolute Galois group of the function field k(C) of C. By Katz correspondence between unit-root F -spaces and p-adic representations by [23, Proposition 4.1.1], one has a continuous representation ρ : G k(C) → GL s (K σ ).
By the condition (i) we know that ρ is unramified at α ∈ C and ρ has a finite local monodromy at α ∈ C \ C by [ 
Proof. First we prove the assertion in the case where dim Eη L η = 1. When dim Eη L η = 1, Lemma 3.31 implies that there exists an overconvergent F -isocrystal L † on C/K which is determined by the data L η , L α (α ∈ C) and L † α (α ∈ C \ C). What we want is a nontrivial morphism L † → M † of overconvergent F -isocrystals which induces the conditions
an element e η ∈ L η such that ϕ Mη (e η ) = e η , (α) 0 an element e α ∈ L 0,α such that ϕ Mα (e α ) = e α for any closed point α of C, and (α) † an element e α ∈ L † α such that ϕ Mα (e α ) = e α for any closed point α of C \ C.
We now change e α by u α e α ∈ L 0,α . The similar holds for e α for any closed point α of C \ C. If e η belongs to M † , then it determines a morphism j †
of overconvergent F -isocrystals which satisfies the desired conditions. In order to prove e η ∈ M † it is sufficient to prove 
Then there exists an overconvergent F -isocrystal N † of rank one and an injective morphism N † → ∧ s M † which is determined by the data ∧ s L η , ∧ s L 0,α , ∧ s L † α by the former part of this proof. We define an overconvergent F -isocrystal L † on C by
Hence we obtain a desired overconvergent F -subisocrystal L † of M † . The uniqueness follows from Lemma 3.31 and our construction. ✷ Proof of Theorem 3.27. We first prove the uniqueness. Suppose P † 1 and (P ′ 1 ) † are first steps of two PBQ filtrations of M † . Then the associated ϕ-∇-modules P 1,η and P 1,η + P ′ 1,η over E η coincides with each other in M η by Theorem 3.19. Hence P † 1 and (P ′ 1 ) † are equal. Now we prove the existence. Since the problem is local on C by patching and the full faithfulness of restriction functors [42, Theorem 6.3.1], we may assume that C is affine with a smooth lift C = Spec A C ⊂ C such that A † C admits a q-Frobenius ϕ which is compatible with the q-Frobenius σ on K. The unique existence of PBQ filtration of the ϕ- 
A local version of the minimal slope conjecture
In this section we will study a local version of the minimal slope conjecture, Theorem 4.2. Let us use the notation in section 2.
A local version.
In this section we will prove the theorem below, which is easily deduced from Theorem 4.9. We gives several properties on the notion of saturated and quasi-saturated. Let M be a ϕ-∇-module over E which has a unique slope, and N † a nontrivial ϕ-∇-module over E † . Let θ † : N † → M be a E † -morphism which commutes with connections and Frobenius, and L † the image of θ † . Proposition 4.4. With the notation as above, suppose θ † is nontrivial. Then L † is a nontrivial ϕ-∇module over E † by the induced connection and Frobenius. In particular, an irreducible ϕ-∇-module N † over E † is saturated. Proposition 4.5. With the notation as above, suppose θ † is injective. Then the maximal slope of N † coincides with the slope of M .
Proof. Let P † be the maximally PBQ submodule of N † . If the maximal slope of P , which is equal to that of N , is not equal to the slope of M , then θ † | P † is a zero map by Lemma 3.17 (2) . This contradicts the injectivity of θ † . ✷ Proposition 4.6. With the notation as above, suppose the induced morphism θ :
(1) Since L † is the image of θ † , L † generates M as an E-space. Moreover, the induced morphism L → M is surjective as a morphism of ϕ-∇-modules over E.
(2) Since L → M is surjective by (1), the hypothesis on the dimensions implies the natural morphism
2 are PBQ, then either of the following cases holds:
Proof. Since both N † 1 and N † 2 are PBQ of the same maximal slope which coincides that of M , N † 1 ⊕ N † 2 is PBQ by Lemma 3.17 (1) . Hence L † is PBQ of the same maximal slope with M by Lemma 3.17 (2) .
The maximal slope of L/N i must be the maximal slope of L since L † is PBQ. This implies
by Proposition 4.6. Therefore, the assertion holds. surjective), then g † is injective (resp. surjective).
Proof. The saturation of P † and Q † follows from the construction. Since g † is a restriction of h, the uniqueness of g † holds if it exists. Now we prove the existence of g † . We may suppose M † = P † and 
η }, and so on. Here we keep the notation in 3.2 of Section 3. . Suppose that C is affine with a smooth lift C = Spec A C ⊂ C such that A † C admits a q-Frobenius ϕ which is compatible with the q-Frobenius σ on K. Let M † be an overconvergent F -isocrystal on C/K which admits the slope filtration. Then there exists an overconvergent F -isocrystal L † on C/K with an isomorphism
C,K -modules with connections and Frobenius. Proof. We may assume that C is affine and M † admits the slope filtration by Corollary 5.3. The assertion follows from Proposition 5.2 and the fact that the morphism A
Remark 5.7. One can define saturated overconvergent F -isocrystals on higher dimensional smooth varieties as well as for the case of curves. Then the similar properties as above hold.
5.2.
Ranks of the maximal slope quotients. Proof. First we prove the coincidence between the slope of M and the maximal slope of N . We may assume that C is affine with a smooth lift C = Spec A C ⊂ C such that there exists an etale morphism C → A 1 R because we estimate the rank of the maximal slope quotient of the slope filtration. This assumption guarantees an existence of q-Frobenius on A † C,K which is compatible with the q-Frobenius on σ. Let P † be the maximally PBQ overconvergent F -subisocrystal of N † . Then P admits the slope filtration by [43, Proposition 2.7] . Since the induced morphism P → M is nontrivial, the maximal slope of P must be equal to the slope of M by Lemma 3.29. This yields the maximal slope of N is equal to the slope of M.
Let α 1 , α 2 , · · · , α s be all closed points of C \ C. Applying the approximation theorem of Dedekind domains, we may assume that there exists an affine open subscheme V = Spec A V of C such that V = V × Spec R Spec k and that each closed point α i belongs to V and it is defined by a single element 
for i = 0, 1, · · · , s. Since A † C,Vi,K is Noetherian by Lemma A.6 (1), the sheafification L † i of L † i is a convergent F -isocrystal on C V /K overconvergent along V i \ C V by Theorem A.7 as well as Lemma 5.4. Moreover, the associated convergent F -isocrystal L i on C V /K admits the slope filtration by [43, Proposition 2.7 ] since the restriction j * CV ,C N of N on C V /K admits the slope filtrations.
i , the induced morphism L i → L i−1 is surjective by our construction. Our claim is that rank L i /L 1 i = rank L i−1 /L 1 i−1 for i = 1, 2, · · · , s. When i = 0, we have A † CV ,V0,K = A CV ,K and L † 0 = L 0 = M CV . When i = s, we have A † CV ,Vs,K = A † CV ,V,K and L † s = N † CV . Hence our claim implies rank N /N 1 = rank N CV /N 1
i−1 , all the slopes of K i is less than the slope of L i−1 /L 1 i−1 . Hence the equality L i /L Theorem 5.9. Let M † and N † be overconvergent F -isocrystals on C/K such that the associated convergent F -isocrystals M and N admit the slope filtrations, and h : N /N 1 → M/M 1 a nontrivial morphism between the maximal slope quotients as convergent F -isocrystals. Suppose that M † is PBQ and saturated. If Q † is the maximally PBQ overconvergent F -subisocrystal of N † , then there exists a unique morphism
of overconvergent F -isocrystals on C/K such that the induced morphism Q/Q 1 ∼ = → N /N 1 → M/M 1 by g † coincides with the given h. Moreover, if h is surjective (resp. injective and Q † is saturated), then g † is surjective (resp. injective).
Proof. We may assume that C is affine with a smooth lift C = Spec A C ⊂ C such that there exists an etale morphism C → P 1 R by Corollary 5.5 and the full faithfulness of the restriction functor of overconvergent F -isocrystals [42, Theorem 6.3.1]. This assumption guarantees an existence of q-Frobenius on A † C,K . Put Proof. The assertion follows from Corollary 3.28 and Theorem 5.9. ✷ Remark 5.11.
(1) Suppose C is projective. Then M † = M. If furthermore M is irreducible and admits a slope filtration, then M 1 = 0. Therefore the minimal slope conjecture is trivially true in this case. There exist a smooth curve C α over Spec k and a morphism i Cα,X : C α → X over Spec k such that there exists a k α -rational point of C α which maps to α by i Cα,X (say C α is passing at α and denote the k α -rational point in C α also by α) and that the restriction i * Cα,X M † on C α is irreducible. This question has an affirmative answer more generally in the case where k is finite and M † is an overconvergent Q p -F -isocrystal in [4, Theorem 0.3] (see Theorem 6.18) and it will be used in order to prove our main theorem (Theorem 6.20). See the detail of the problem in [31, Conjecture 5.19 ]. The next proposition follows from Theorem 5.9.
Proposition 5.12. With the notation as above, let M † and N † be overconvergent F -isocrystals on X/K such that the associated convergent F -isocrystals M and N admit the slope filtrations, and h : N /N 1 → M/M 1 a nontrivial morphism as convergent F -isocrystals. Suppose that M † is irreducible and the triplet (X, α, M † ) satisfies the condition (LC) such that i Cα,X : C α → X is a morphism realizing the condition (LC). Let Q † Cα be the maximally PBQ overconvergent F -subisocrystal of i * Cα,X N † . Then there exists a unique surjective morphism g † Cα : Q † Cα → i * Cα,X M † of overconvergent F -isocrystals on C α /K such that the induced morphism between the maximal slope quotients from g † Cα is the given i * Cα,X (h).
Corollary 5.13. Suppose furthermore that both M † and N † are irreducible and that both (X, α, M † ) and (X, α, N † ) satisfy the condition (LC). Then there exists an isomorphism g † α : i * α,X N † → i * α,X M † of F -spaces over K such that the induced morphism between maximal slope quotients from g α coincides with i * α,X (h).
Proof. Let i α,X,M † : C α,M † → X be a morphism which realizes the condition (X, α, M † ). Then, if the maximally PBQ overconvergent F -subisocrysal of i * α,X,M † N † denotes Q † , then there exists a surjection g † M : Q † → i * α,X,M † M † of overconvergent F -isocrystals on C α,M † /K α by Proposition 5.12 and the irreducibility of i * α,X,M † M † . In particular, rank N † ≥ rank M † . Hence, if we show the opposite inequality rank N † ≤ rank M † , then rank N † = rank M † and g † M † is a desired isomorphism. Let i α,X,N † : C α,N † → X be a morphism which realizes the condition (X, α, N † ). We may shrink C α,N † by Corollary 5.5, [42, Theorem 6.3.1] and [28, Proposition 5.3.1] (the full faithfulness and the preservation of irreducibility by restrictions with respect to open immersions, respectively), so that we may assume that C α,N † is affine and there exists a q-Frobenius ϕ on A † C α,N † ,K which is compatible with the q-Frobenius σ on K. Take the maximally PBQ overconvergent F -subisocrystal P † of i * α,X,N † M † , and the sheafification P † of the image of P † → P/P 1 . Then P † is an overconvergent F -isocrystal on C α,N † /K by Lemma 5.4, and P/P 1 → i * α,X,N † (M/M 1 ) is an isomorphism of convergent F -isocrystals. Hence, there exists an injection g † N : i * α,X,N † N † → P † of overconvergent F -isocrystals on C α,N † /K by Theorem 5.9. In particular, rank N † ≤ rank P † ≤ rank M † . Therefore the equality rank N † = rank M † holds. This completes a proof. ✷ Corollary 5.14. With the hypothesis in Proposition 5.12, suppose furthermore that M † is irreducible and there is a closed point α of X such that (X, α, M † ) satisfies the condition (LC). If N † is unit-root, then there exists a surjection g † : N † → M † of overconvergent F -isocrystals on X/K such that the induced morphism of converegent F -isocrystals from g † coincides with the given h.
Proof. By the hypothesis i * α,X M † is unit-root by Proposition 5.12. Hence M † is unit-root (i.e., M 1 = 0) and the assertion follows from the full faithfulness of the functor from the category of overconvergent F -isocrystals to that of convergent F -isocrystals [28, Theorem 4.2.1]. ✷
The case of finite fields
In this section we study the minimal slope conjecture on varieties of arbitrary dimension over finite fields. Let Q p be an algebraic closure of the field Q p of p-adic numbers. Let q be a positive power of p, k the field of q elements, R = W (k) the ring of Witt vectors with coefficients in k, and K the field of fractions of R with the q-Frobenius σ = id K . We regard K as a subfield of Q p and identify an algebraic closure K of K with Q p . 6.1. F -isocrystals with Q p -structures. We recall the definition of Q p -F -isocrystals which are introduced by Abe in [1, 1.4, 4.2.1] (see also [4, 1.1] and [31, 9.2] ). Let X be a scheme locally of finite type over Spec k. Definition 6.1. Let L be a finite extension of K in Q p . An overconvergent L-F q -isocrystal M † on X is an overconvergent F -isocrystal M † on X/K with respect to the q-Frobenius σ such that M † is furnished with a K-algebra homomorphism L → End F -Isoc (M † ), where End F -Isoc (M † ) is the K-space of endomorphisms of M † as overconvergent F -isocrystals on X/K. Note that the q of F q indicates q-Frobenius. The K-algebra homomorphism L → End F -Isoc (M † ) is called an L-structure. A morphism of overconvergent L-F q -isocrystals on X is a morphism of overconvergent Fisocrystals on X/K which commutes with L-structures. The category of overconvergent L-F q -isocrystals on X is denoted by F q -Isoc † (X) ⊗ L.
We also define the notion of convergent L-F q -isocrystals on X similarly and denote their category by F q -Isoc(X) ⊗ L. Example 6.2.
(1) An overconvergent F -isocrystal on X/K is furnished with the natural K-structure since the category of overconvergent F -isocrystals on X/K is K-linear by σ = id K .
(2) Let L be an extension of K in Q p . We regard L as an F -space over K with respect to σ by F L = id L . Then, for an overconvergent F -iaocrystal M † on X/K, the j †
for a ∈ L. The category F q -Isoc † (X) ⊗ L is an L-linear Abelian category. We will show that it is furnished with tensor products, duals and the unit object j † X O ]X[ ⊗ K L in the propositions below.
Let us study tensor products, duals, and extensions of F -isocrystals with Q p -structures, and introduce an invariant Q p -rank below. For an overconvergent F -isocrystal M † , rank(M † ) means the rank of locally free j † X O ]X[ -module M † on each connected component of X.
Proposition 6.3. Let M † i be an overconvergent L i -F q -isocrystal on X, and L = L 1 L 2 the field of composite between L 1 and L 2 in Q p . Let us put
⊗ aid L , then it defines an L-structure on M † . In particular, M † is an overconvergent L-F q -isocrystal on X. Proposition 6.4. Let M † be an overconvergent L-F q -isocrystal on X. We define an action of L on
Proposition 6.5. Let L 1 ⊂ L 2 be extensions of K in Q p . We define a functor F q -Isoc † (X) ⊗ L 1 → F q -Isoc † (X) ⊗ L 2 of scalar extensions by
Then the equality
holds on each connected component of X.
Definition 6.6. We define the category F q -Isoc † (X) ⊗ Q p by the 2-colimit of F q -Isoc † (X) ⊗ L over all finite extensions L in Q p by θ L1,L2 in the previous proposition. An object of F q -Isoc † (X)⊗Q p is said to be an overconvergent Q p -F q -isocrystals on X. We define the Q p -rank of an overconvergent
on each connected component of X. We also define the category F q -Isoc(X) ⊗ Q p of convergent Q p -F qisocrystals on X similarly. Lemma 6.7. Let M † be an irreducible overconvergent Q p -F q -isocrystal on X which is represented by an overconvergent L-F q -isocrystal on X for an extension L of K in Q p . Then there exists an irreducible overconvergent F -isocrystal N † on X/K such that M † is a direct sum of a finite number of copies of N † as an overconvergent F -isocrystal on X/K.
Proof. The irreducibility M † implies that the natural morphism N † ⊗ K L → M † as overconvergent F -isocrystals on X/K is surjective where L is regarded as an F q -space over K such that F L = id L . ✷ Let k 0 be a subfield of k with deg(k/k 0 ) = n, and K 0 the unramified extension of Q p with the residue field k 0 and the q 0 -Frobenius σ 0 = id K0 where q n 0 = q. Since K is finite and unramified over K 0 , the smooth formal scheme over R can be regarded as a smooth formal scheme over the integer ring R 0 of K 0 . Hence, for an overconvergent L-F q -isocrystal M † on X,
(a 0 ⊗ σ0 m 0 , · · · , a n−1 ⊗ σ0 m n−1 ) = (F M † (a n−1 ⊗ σ0 m n−1 ), a 0 ⊗ σ0 m 0 , · · · , a n−2 ⊗ σ0 m n−2 ) has a structure of overconvergent L-F q0 -isocrystals on X. Lemma 6.8. Suppose that L admits an extension σ 0 of q 0 -Frobenius σ 0 on K 0 . The L-structure on
) which is induced from that on M † is given by
for b ∈ L. In particular, the K 0 -structure induced by the q 0 -Frobenius coincides with K 0 ⊂ L → End F -Isoc (M † 0 ). Proposition 6.9. [1, Corollary 1.4.11] With the notation as above, the functor
is an equivalence of categories. Moreover, the equalities hold
on each connected component of X.
Proof. For any finite extension L ′ of K, there exists a finite extension L of L ′ which admits a q 0 -Frobenius σ 0 which is an extension of σ 0 on K 0 by Lemma A.1 (3) in Appendix A. For an object N † of F q0 -Isoc † (X) ⊗ L, if π * (K,σ)/(K0,σ0) is the pull back functor defined in Appendix B, then π * (K,σ)/(K0,σ0) N † has a natural K-structure induced by the q-Frobenius so that it admits a K ⊗ K0 L-structure. Let us define an overconvergent L-F q -isocrystal M † on X by
. One can easily verify this correspondence N † → M † is a quasi-inverse of the given functor. ✷ Let X, Y be schemes locally of finite type over Spec k and f : X → Y be a morphism of schemes. Then the usual pull back functor f * of overconvergent F -isocrystals induces the pull back functor
Then, for an overconvergent Q p -F q -isocrystal N † on Y , we have
on each connected component.
6.2.
Changes of base fields. Let k n be a finite extension of k such that deg(k n /k) = n, K n the unramified extension of K in K with the residue field k n and denote the q-Frobenius of K n by the same symbol σ. For a scheme X locally of finite type over Spec k, let us put X n = X × Spec k Spec k n with the projection π n : X n → X. We define the push forward functor by π n,Q p * : F q n -Isoc † (X n ) ⊗ Q p → F q -Isoc † (X) ⊗ Q p M † → π (Kn,σ n )/(K,σ) * M † = π (Kn,σ)/(K,σ) * M † 0 where π (Kn,σ n )/(K,σ) * and π (Kn,σ)/(K,σ) * are the push forward functor defined in Appendix B and M † 0 is the Q p -F σ -isocrystal on X n introduced just before Lemma 6.8. If π * (Kn,σ n )/(K,σ) is the pull back functor defined in Appendix B, then π * (Kn,σ n )/(K,σ) M † is furnished with an extra K n -structure arising from the q n -Frobenius structures. We define the pull back functor by
in which two K n -structures from the q n -Frobenius and from the Q p -structure are identified by tensoring ⊗ Kn⊗K L L. One can easily see the definition of the pull back functor π * n,Q p does not depends on the choice of L. Then π * n,Q p is a left adjoint of π n,Q p * . Moreover the equalities
hold on each connected component. Proposition 6.10. Suppose X is separated of finite type over Spec k. Let M † be an overconvergent L-F qisocrystal M † on X for a finite extension L over K n in Q p . Then the rigid cohomology
) induced from the L-structure on M † . The base change homomorphism of rigid cohomology induces an isomorphism
Here the right hand side has a K n -space structure by K n ⊂ L, and the Frobenius on the right hand side is F n H i rig (X/K,M † ) . The results do not depend on the choice of L in the category of Q p -F q -spaces over K. The same hold for the rigid cohomology H i rig,c (X/K, M † ) with compact supports. 6.3. Lefschetz trace formula. Let X be a connected scheme separated of finite type over Spec k which is pure of dimension d, and M † an object in F -Isoc † (X) ⊗ Q p such that M † is represented as an overconvergent L-F q -isocrystal on X for an extension L of K in Q p . Then, for any closed point α in X with deg(k α /k) = n such that K α ⊂ L, the inverse image i * α,X M † is an L-F q -space over K α , that is, an F -isocrystal on α/K with respect to q-Frobenius σ and with an L-structure. For the linearization of Frobenius, we define a Q p -
over all finite extensions L of K in Q p , that is, the object of the quasi-inverse functor of (i * α,X M † , i * α,X (F M † )) in Proposition 6.9. By definition we have
. On the other hand the pair
Lemma 6.11. With the notation as above, the following hold.
(1) The natural homomorphism
induces an isomorphism of L-spaces with an L-linear endomorphism. → α → X of morphisms, we have
where Tr E means the trace of E-linear homomorphisms. (3) If I K (L, Q p ) is a set of K-algebra homomorphisms from L to Q p , then the equality
. Hence it implies the assertion.
(3) follows from (2) and the isomorphism L 
holds where X(k n ) is the set of k n -rational points of X.
Proof. The idea of this proof is same with that of [1, Theorem A.3.2] . When dim(X) = 0, the assertion is trivial. In general dimensional cases, it is sufficient to prove that the right hand side is 0 when X(k n ) = ∅ by applying the excision sequence
rig,c (Z/K, M † ) → · · · of rigid cohomology with compact supports, where Z is a closed subscheme of X containing the finite set X(k n ). The exact sequence above is a sequence of L-F q -spaces over K.
Suppose X(k n ) = ∅. The right hand side of the equality
vanishes by the Lefschetz trace formula for usual overconvergent F -isocrystals [19, Théorème 6.2], and hence
For a nonzero element λ in L, we define an F q -space L(λ) over K with an L-structure by    L(λ) = L : as an K-space
Then M † ⊗ L L(λ) is an overconvergent L-F q -isocrystal on X, and in particular the action of Frobenius is given by
From the assumption X(k n ) = ∅ we also have
for any λ ∈ L × . Since τ ∈IK (L,Q p ) τ is a trace map of the extension L over K of characteristic 0 and λ is arbitrary, we have the desired vanishing
where det E (1 − uf ) ∈ E[u] means a characteristic polynomial of an E-linear endomorphism f . Note that the second equality holds by Lemma 6.11. Corollary 6.13. [1, Corollary A.3.3] With the notation as above, we have
6.4.Čebatarev density theorem. Now we recall weights of overconvergent Q p -F -isocrystals (see a brief introduction of weights in [31, Section 10] ). Let ι : Q p → C be an isomorphism of fields. Definition 6.14. Let X be a connected scheme separated of finite type over Spec k.
(1) An overconvergent Q p -F q -isocrystal M † on X is ι-pure of weight w ∈ Z if, for any closed point α in X with deg(k α /k) = n, any reciprocal root of the polynomial
has a complex absolute value q nw/2 under the isomorphism ι.
The following proposition is theČebatarev density theorem for overconvergent Q p -F -isocrystals [1, Proposition A.4.1]. Proposition 6.15. Let X be a smooth connected scheme separated of finite type over Spec k, and M † and N † irreducible overconvergent Q p -F q -isocrystals on X such that (N † ) ∨ ⊗ M † is ι-pure. Suppose that there is an open dense subscheme U of X such that, for any closed point α of U with deg(k(α)/k) = n, there is an isomorphism
as Q p -F q n -spaces over K α . Then the following hold.
(1) There exists an isomorphism g † : N † → M † of overconvergent Q p -F q -isocrystals on X.
(2) Suppose furthermore that both M † and N † admit slope filtrations as convergent Q p -F q -isocrystals and that there exists an isomorphism h : N /N 1 → M/M 1 between the maximal slope quotients as convergent Q p -F q -isocrystals, and that either the canonical homomorphism
(2) Suppose furthermore that either the canonical homomorphism
is surjective for some positive integer m. Then there exists an isomorphism g † : N † → M † such that the induced morphism of the maximal slope quotients by g † coincides with the given h.
(1) Let α be a closed point of X such that deg(k α /k) = n. Then there exists a smooth curve C α over Spec k passing at α such that i * Cα,X M † is irreducible with respect to σ. In particular, i * Cα,X M † is a direct sum of copies of an irreducible overconvergent F -isocrystal on C α /K by Lemma 6.7 so that i * Cα,X M † is PBQ and saturated by Corollaries 3.28, 5.5. Applying Theorem 5.9 similarly with the proof of Corollary 5.13, the Q p -rank of M † is equal to the Q p -rank of N † , and hence there is an isomorphism i * Cα,X N † → i * Cα,X M † which comes from the coincidence of groups of global sections of both sides in Γ(]C α [, i * Cα,X (M/M 1 )). Since the saturation is in the level of Q p -F q -isocrystals, the isomorphism i * Cα,X N † → i * Cα,X M † is an isomorphism of Q p -F -isocrystal on C α . Therefore, there exists an isomorphism g † : N † → M † of overconvergent Q p -F q -isocrystals on U and hence on X byČebatarev density theorem (Proposition 6.15) and the full faithfulness of the restriction functors of overconvergent F -isocrystals [42, Theorem 6.3.1].
(2) The similar proof of Proposition 6.15 also works. ✷
We give a sufficient condition of the bijectivity of endomorphisms in Corollary 6.16 (2) . Lemma 6.17. Let X, Y be schemes separated of finite type over Spec k such that X is connected and Y is nonempty, and f : Y → X a morphism. For an overconvergent Q p -F q -isocrystal M † on X which admits a slope filtration, both canonical homomorphisms
are injective. In particular, the canonical homomorphism
Cα,X M † ) holds for a closed point α ∈ X and a smooth curve i α,C : C α → X passing at α such that i * Cα,X M † is irreducible. Proof. The former assertion follows from the fact that the restriction morphism H 0 rig (X/K,
)) of L-F q -spaces over K is injective by the hypothesis of connectedness. Here H 0 conv (X/K, M/M 1 ) is the 0-th convergent cohomology, that is, the space of horizontal sections of the convergent isocrystal M/M 1 . The second assertion follows from the former assertion and the bijectivity of The Lefschetz theorem in [4] is more general which asserts an existence of a curve passing at given finite closed points and on which the pull back is irreducible. Using Lefschetz theorem for isocrystals with tame ramifications along boundaries Abe and Esnault proved the following theorem. Theorem 6.19. [4, Theorem 2.6] Let X be a smooth scheme separated of finite type over Spec k. Then any Q p -F q -isocrystal on X is ι-mixed. In particular, any irreducible Q p -F q -isocrystal on X is ι-pure.
As a consequence we have an affirmative answer to Kedlaya's question "Minimal slope conjecture" [31, Remark 5.14] (Conjecures 1.1, 1.2) for Q p -F -isocrystals on smooth varieties over finite fields by Theorems 6.18, 6.19 and Corollary 6.16. Theorem 6.20. Let X be a smooth scheme separated of finite type over Spec k, and M † , N † irreducible overconvergent Q p -F q -isocrystals on X such that there exists an isomorphism N /N 1 → M/M 1 between the maximal slope quotients as convergent Q p -F q -isocrystals. Then the following hold.
Appendix A. Frobenius
A.1. Frobenius on a complete discrete valuation field. Let R be a complete discrete valuation ring of mixed characteristic (0, p) with the residue field k = R/m which is not necessarily perfect, and K the field of fractions of R. For a positive power q of p, a q-Frobenius σ on K is a continuous endomorphism σ : K → K such that σ(a) ≡ a q (mod m) for a ∈ R. We define the σ-invariant subfield K σ by
Remark that the same letter σ is used for the q-Frobenius which acts on an extension K ′ of K. (1) K σ is a complete discrete valuation field with a finite residue field of cardinal ≤ q. In particular, K σ is a finite extension of the field Q p of p-adic numbers. (2) There exists a finite unramified extension K ′ of K such that K ′ admits a q-Frobenius σ which is an extension of σ on K, the residue field (K ′ ) σ is a field of q-elements and the valuation group of (K ′ ) σ is same with that of K. If furthermore k is perfect, then the natural map
Here W (k ′ ) means the Witt vector ring with coefficients in k ′ and Frob p (resp. Frob q ) is the canonical p-Frobenius (resp. q-Frobenius) on W (k ′ ).
(3) For a finite extension L of Q p , there exist a finite extension K ′ of K and a positive integer n which satisfy the following: (i) K ′ admits a q-Frobenius σ which is an extension of σ on K, (ii) the residue field of (K ′ ) σ n is a field of q n -elements,
In order to prove Lemma A.1 we introduce extensions K perf ⊂ K perf,ur of K as complete discrete valuation fields with the same valuation group to K such that the residue field of K perf (resp. K perf,ur ) is a perfection of k (resp. an algebraic closure of k). Moreover, K perf and K perf,ur admit a q-Frobenius σ which is compatible with extensions of K. The field K perf is defined by the p-adic completion of the inductive limit of the inductive system
→ · · · ) and the q-Frobenius on K perf which is compatible to the Frobenius σ on K by the system σ = (σ σ → σ σ → σ σ → · · · ) of Frobenius. K perf,ur is the p-adic completion of the maximally unramified extension of K perf . Then the q-Frobenius extends uniquely on K perf,ur and it is denoted by the same symbol σ.
Proof of Lemma A.1. (1) One can easily see that K σ is a complete discrete valuation field. If a ∈ K σ ∩ R, then a satisfies the congruence a q ≡ a (mod m). Hence the residue field of K σ is finite of cardinal ≤ q.
(2) Since ( K perf,ur ) σ is a finite extension of Q p with the residue field of q elements and the valuation ring of ( K perf,ur ) σ coincides that of K perf,ur , the field K ′ = ( K perf,ur ) σ K of composite is a desired field. When the residue field k is perfect, then W (k) is the canonically subring of K. Comparing the ramification, one has a natural isomorphism (
(3) Replacing K and L by finite extensions respectively, we may assume that K admits a q-Frobenius such that ( K perf,ur ) σ n = K σ n by the proof of (2), the cardinal of the residue field of L is q n , and L is a totally ramified extension of K σ n . Since the valuation group of ( K perf,ur ) σ n coincides with that of K perf,ur and hence of K, the natural map L ⊗ K σ n K → LK is an isomorphism of fields. Then K ′ = LK and σ = id L ⊗ σ are our desired field and q-Frobenius. ✷ , · · · , x d , y 1 , · · · , y e ]/I. If A X and A † X are the p-adically formal completion of A X and the p-adically weak completion of A X (a weakly complete finitely generated (w.c.f.g.) algebra over (R, m)), then they are defined by A X = R[x 1 , · · · , x d , y 1 , · · · , y e ] /IR[x 1 , · · · , x d , y 1 , · · · , y e ] , A † X = R[x 1 , · · · , x d , y 1 , · · · , y e ] † /IR[x 1 , · · · , x d , y 1 , · · · , y e ] † respectively, where R[x 1 , · · · , x d , y 1 , · · · , y e ] is the m-adic completion of R[x 1 , · · · , x d , y 1 , · · · , y e ], and R[x 1 , · · · , x d , y 1 , · · · , y e ] † = lim λ→1+0 R[x 1 , · · · , x d , y 1 , · · · , y e ] λ , R[x 1 , · · · , x d , y 1 , · · · , y e ] λ = f ∈ R[x 1 , · · · , x d , y 1 , · · · , y e ] f is convergent on the closed closed ball max i,j {|x i |, |y j |} ≤ λ. .
Then A † X ⊂ A X are Noetherian [20, Theorem] and integral domains since the localization (A X ) m of A X at mA X is analytically irreducible and analytically unramified and the natural morphism A X → (A X ) m is injective. In addition, A X (resp. A † X ) is furnished a continuous integrable derivation d : Let us explain the relation between Berthelot's overconvergent F -isocrystals and Monsky-Washnitzer's weakly complete differential modules with Frobenius (see the foundation of overconvergent F -isocrystals in [6] ). Let X be the Zariski closure of the immersion X → A d+e R ⊂ P d+e R determined by x 1 , · · · , x d , y 1 , · · · , y e where P d+e R is the (d + e)-dimensional projective space over Spec R, X the closed fiber of X with the canonical open immersion j X : X → X, X the p-adic formal completion of X , and X K the Raynaud's generic fiber of X with the specialization morphism sp : X K → X of locally ringed G-spaces. In this situation ]X[ λ =]X[ X ∩{α ∈ (A d+e K ) an | |x i (α)|, |y j (α)| ≤ λ for all i, j} is an affinoid space over Spm K for λ ∈ |K × | ⊗ Z Q ∩ (1, ∞) 
R[x 1 , · · · , x d , y 1 , · · · , y e ] λ /IR[x 1 , · · · , x d , y 1 , · · · , y e ] λ ⊗ R K ∼ = A † X ⊗ R K =: A † X,K since ]X[ X = X K is quasi-separated and quasi-compact. Moreover, the global section functor Γ(]X[ X , −)
gives an equivalence between the category of coherent j † X O ]X[ X -modules and that of finitely generated A † X,K -modules [6, Proposition 2.5.2 (i)]. Since X is smooth around X, there exists a strict neighborhood W 0 of ]X[ X in ]X[ X such that W 0 is a smooth affinoid space over Spm K. The following lemma is an essential part of [ Instead of recalling the definition of overconvergent F -isocrystals [6, Chapter 2] (see [7, 10.2, 12.1] in the general case without assuming the global embedding of X into a smooth formal scheme), we give an equivalent condition of the definition of overconvergent F -isocrystals in affine smooth cases. the category of overconvergent F -isocrystals on X/K with respect to σ and the category of A † X,K -modules M † of finite type which is furnished with an integrable connection ∇ : M † → M † ⊗ AX Ω 1 AX /R and a horizontal isomorphism ϕ M † : (ϕ * M † , ϕ * ∇) → (M † , ∇) called Frobenius. Note that M † is an projective A † X,K -module. A.3. Frobenius on partially †-spaces. Let X be an affine smooth integral scheme separated of finite type over Spec k with an affine smooth lift X = Spec A X of finite type over Spec R such that there exists an etale morphism R[x 1 , · · · , x d ] → A X (d = dim X). Let U be an affine open dense subscheme of X with the open immersion j U,X : U → X, and take an affine smooth lifting U = Spf A U as a formal scheme over the p-adic formal scheme Spf R. Then U is an open formal subscheme of the p-adic formal scheme X associated to X . Suppose that there exists an element y ∈ A X such that U is define by y (mod m) = 0 in X. Fix the p-adic norm || − || on A X which is defined by ||a|| = |π| e if a ∈ m e A X \ m e+1 A X and ||0|| = 0 if a = 0, where π is a uniformizer of K. Let us define an A X,K -algebra by
where A X [z] † = ∞ n=0 a n z n ∈ A X [[z]] ||a n ||λ n → 0 as n → ∞ for some λ > 1 .
Lemma A.6. With the notation as above, the following hold.
(1) A † U,X is a w.c.f.g. algebra over ( A X , m A X ) and it is Noetherian. (2) The continuous derivation of A X and any q-Frobenius on A X extend on A † U,X . (3) If we put A † U,X,K = A † U,X ⊗ R K, then there is a natural isomorphism
of A X,K -algebras. The global section functor Γ(]X[ X , −) gives an equivalence between the category of coherent sheaves of j † U,X O ]X[ X -modules and that of finitely generated A † U,X,K -modules. Proof. (1) The assertions follow from [20] .
(2) Let ϕ be a q-Frobenius on A X . If we put ϕ(y) − y q = πg for some g ∈ A X , then z should map to
by the q-Frobenius. Since (1 + πgz q ) −1 z q is contained in A X [z] † , there exists a unique extension ϕ of the q-Frobenius on A X . Let ϕ be a q-Frobenius on A X . Then the similar assertion to Lemma A.4 holds also in this case so that we can discuss the Frobenius structure of integrable connections on coherent sheaves.
Theorem A.7. Let ϕ be a q-Frobenius on A X . The global section functor Γ(]X[ X , −) induces an equivalence between the category of convergent F -isocrystals on U/K overconvergent along X \ U with respect to σ and the category of finitely generated A † U,X,K -modules M † which is furnished with an integrable connection ∇ M † : M † → M † ⊗ AX Ω 1 AX /R and a horizontal isomorphism ϕ M † : (ϕ * M † , ϕ * ∇ M † ) → (M † , ∇ M † ) called Frobenius. Note that M † is an projective A † U,X,K -module. Proof. Since the problem is local on X, we may assume that there exists an etale morphism X → Spec R[x 1 , · · · , x d ]. Let us put B λ = Γ(]U [ λ , O ]X[ X ). Since M † is a finitely generated projective A † U,X,Kmodule, there exists a finitely generated projective B λ0 -module M λ0 with an integrable connection ∇ M λ 0 :
some λ 0 ∈ |K × | ⊗ Z Q ∩ (0, 1). Let us denote the inverse image of (M λ0 , ∇ M λ 0 ) on ]U [ λ by (M λ , ∇ M λ ) for λ 0 < λ < 1. We fix a Banach norm || − || λ0 on M λ0 and denote the induced Banach norm of M λ by || − || λ . Then ||1 ⊗ m|| λ ′ ≤ ||m|| λ for m ∈ M λ and λ ≤ λ ′ < 1. In order to prove the integral connection ∇ M † is overconvergent along X \ U , it is sufficient to prove that, for any 0 < η < 1, there exits λ ∈ |K × | ⊗ Z Q ∩ [λ 0 , 1) such that Here n = (n 1 , · · · , n d ) ∈ Z d ≥0 , n! = n 1 ! × · · · × n d !, |n| = n 1 + · · · + n d , and ∂ n = ∇ M λ ( ∂ ∂x1 ) n1 · · · ∇ M λ ( ∂ ∂x d ) n d . Since ∇ M λ 0 ∂ ∂xi acts continuously on the finite generated A † U,X,K -module M λ0 , there exists a constant C > 0 such that
for all m ∈ M λ0 and for all i. Hence there exists a number 0 < η 0 < 1 such that 1 n! ∂ n (m) λ0 η |n| 0 → 0 (as |n| → ∞).
for all m ∈ M λ0 . Since ϕ(a) ≡ a q (mod mA † U,X ) for a ∈ A † U,X , we have a morphism ϕ :]X[ λ →]X[ λ q of affinoid spaces for any λ ∈ |K × | ⊗ Z Q ∩ (0, 1) which is sufficiently close to 1. Then the Frobenius ϕ M † induces a horizontal isomorphism
for any λ which is sufficiently close to 1. It implies that, if any m ∈ M λ q satisfies 1 n! ∂ n (m) λ q (η q ) |n| → 0 (as |n| → ∞) for some 0 < η < 1, then any m ∈ M λ satisfies 1 n! ∂ n (m) λ η |n| → 0 (as |n| → ∞).
Hence η → 1 − 0 as λ → 1 − 0. Therefore, the assertion holds. ✷
Appendix B. Change of base fields and Frobenius
In this appendix we recall the push forward functor and the pull back functor between the categories of F -isocrystals under the base extensions and changing Frobenius by its powers. Suppose k is an arbitrary perfect field of characteristic p. Let L be a finite extension of K with the residue field l such that L admits an extension σ of the q-Frobenius σ on K (note that we use the same notation σ). Let X be a smooth scheme separated of finite type over Spec k with a completion X of X over Spec k, and put the scalar extension X l = X × Spec k Spec l and the projection π l/k : X l → X. For a positive integer n, we define the pull back functor π * (L,σ n )/(K,σ) :
overconvergent F -isocrystals on X/K with respect to σ → overconvergent F -isocrystals on X l /L with respect to σ n and the push forward functor π (L,σ n )/(K,σ) * : overconvergent F -isocrystals on X l /L with respect to σ n → overconvergent F -isocrystals on X/K with respect to σ as follows. Locally on X, there exists a smooth lift X = Spec A X over Spec R and a q-Frobenius ϕ on the p-adically weak completion A † X of A X which is compatible to σ (Appendix A.2). Then the functors are defined by π * (L,σ n )/(K,σ) (M † , ∇ M † , F M † ) = (L ⊗ K M † , id L ⊗ ∇ M † , id L ⊗ σ n (σ n ⊗ F n M † )) where ⊗ σ n means the scalar extension by σ n : L → L, and π (L,σ n )/(K,σ) * (N † , ∇ M † , F N † ) = (⊕ n−1 i=0 (ϕ i ) * (π * N † , π * ∇), F π (L,σ n )/(K,σ) * (N † ) ) F π (L,σ n )/(K,σ) * (N † ) (a 0 ⊗ σ m 0 , · · · , a n−1 ⊗ σ m n−1 ) = (F N † (a n−1 ⊗ σ m n−1 ), a 0 ⊗ σ m 0 , · · · , a n−2 ⊗ σ m n−2 ).
Then π * (L,σ n )/(K,σ) is a left adjoint of π (L,σ n )/(K,σ) * . For an overconvergent F -isocrystal M † on X/K, the adjoint ad (L,σ n )/(K,σ) : M † → π (L,σ n )/(K,σ) * π * (L,σ n )/(K,σ),n M † of id : π * (L,σ n )/(K,σ) M † → π * (L,σ n )/(K,σ) M † is given by ad (L,σ n )/(K,σ) (m) = (m, F −1 M † (m), · · · , F −n+1
where F −i M † : M † → (ϕ i ) * M † is the inverse of F i M † = F M † • · · · • (ϕ i−1 ) * (F M † ) : (ϕ i ) * M † → M † . We also define a trace map Tr (L,σ n )/(K,σ) : π (L,σ n )/(K,σ) * π * (L,σ n )/(K,σ) M † → M † by Tr (L,σ n )/(K,σ) (a 0 ⊗ m 0 , a 1 ⊗ m 1 , · · · , a n−1 ⊗ m n−1 ) = n−1 i=0
where tr L/K : L → K is the trace of finite extension of fields. Since tr L/K commutes with the q-Frobenius σ, the trace map Tr (L,σ n )/(K,σ) is well-defined and commutes with connections and Frobenius. Hence it is a morphism of overconvergent F -isocrystals on X/K with respect to σ.
Lemma B.1.
(1) As morphisms of (over)convergent F -isocrystals on X/K with respect to σ, the following identity holds:
Tr (L,σ n )/(K,σ) • ad (L,σ n )/(K,σ) = ndeg(L/K)id. 
